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The Tutte polynomial for graphs

Joanna A. Ellis-Monaghan • Iain Mo↵att

Synopsis

This chapter establishes several equivalent definitions of the Tutte polyno-
mial for graphs and concludes with the universality property of the Tutte
polynomial.

• The dichromatic polynomial.

• The state sum or spanning subgraph definition of the Tutte polynomial.

• The deletion–contraction or recursive definition of the Tutte polynomial.

• The activities or spanning forest definition of the Tutte polynomial.

• A universality and recipe theorem for the Tutte polynomial.

2.1 Introduction

We give several standard definitions of the Tutte polynomial, all of which
are equivalent, but very di↵erent in appearance. This variety of expression
accounts for the versatility and wide range of applications of the Tutte poly-
nomial, since, as subsequent chapters in this handbook will illustrate, each
facilitates di↵erent proof techniques and combinatorial insights. Furthermore,
the Tutte polynomial is the universal object for essentially all multiplicative
deletion–contraction graph invariants, which is one of its most powerful prop-
erties. Thus, any multiplicative graph invariant that has a deletion–contraction
reduction must be an evaluation of the Tutte polynomial. We give this prop-
erty in the form of a ‘recipe theorem’ that provides the specific evaluation of
the Tutte polynomial needed to recover a given deletion–contraction invariant.
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A Contribution to Z(G)

{a, b, c} u1v3

{a, b} u2v2

{a, c} u1v2

{b, c} u2v2

A Contribution to Z(G)

{a} u2v1

{b} u3v1

{c} u2v1

; u3v0

TABLE 2.1: For the computations in Example 2.2.

2.2 The standard definitions of the Tutte polynomial

The Tutte polynomial has its origins in work by H. Whitney and by
W. T. Tutte. A discussion of its history can be found in Chapter 34. Here
we present several standard definitions of the Tutte polynomial, and see three
quite di↵erent approaches and also some minor variations in formulation for
each of them. We include several of the di↵erent names under which these
definitions appear in the literature. The three main formulations of the Tutte
polynomial given here are the most ubiquitous in the literature and will ap-
pear repeatedly throughout the handbook. However, there are others that are
more specialized and require significant description to establish their settings,
so we leave them to their respective chapters. Chapter 34 gives the history of
the Tutte polynomial and details the development of its various definitions.

2.2.1 The dichromatic polynomial and rank generating for-
mulation of the Tutte polynomial

The dichromatic polynomial is a two variable extension of the single variable
chromatic polynomial (see Chapter 11), hence its name. It is simply a gen-
erating function for the number of components and edges in the spanning
subgraphs of G. Although the dichromatic polynomial and the Tutte polyno-
mial are equivalent, often one or the other form is easier to work with in a
given setting.

Definition 2.1. If G = (V,E) is a graph, then the dichromatic polynomial,
Z(G;u, v) 2 Z[u, v] is

Z(G;u, v) =
X

A✓E(G)

uk(A)v|A|. (2.1)

Example 2.2. For the graph G1 in Figure 2.1a, the spanning subgraphs and
their contributions to Z(G1) are given in the Table 2.1. These give that

Z(G1;u, v) = u3(v + 1) + u2(2v2 + 2v) + u(v3 + v2).

The Tutte polynomial, originally called the dichromate by Tutte, has the
following expression as a state sum expansion, or spanning subgraph expansion.
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(a) A graph G1.
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(b) A graph G2.

FIGURE 2.1: Graphs used in Examples 2.2 and 2.5.

Definition 2.3. If G = (V,E) is a graph, then the Tutte polynomial of G,
T (G;x, y) 2 Z[x, y], is defined by

T (G;x, y) =
X

A✓E

(x� 1)r(E)�r(A)(y � 1)n(A), (2.2)

where the rank r(A) and nullity n(A) are as defined in Section 1.2.7.

The polynomial W (G;x, y) = T (G;x+ 1, y + 1) is known as the Whitney
rank generating function, or the corank–nullity polynomial. We often refer to
T (G;x, y) as the classical Tutte polynomial of a graph G. The Whitney rank
generating function predates the Tutte polynomial, and the Tutte polynomial
is often called the Tutte–Whitney polynomial to reflect this.

Remark 2.4. The use of the name “dichromatic polynomial” in Definition 2.1
reflects modern usage of the term, and di↵ers from its use in Tutte’s papers.
In his PhD thesis, Tutte used the term dichromate for what is now known
as the Whitney rank generating function. Outside of his thesis he is gener-
ally consistent with the use of “dichromatic polynomial” for the for Whitney
rank generating function, and “dichromate” for what is now called the Tutte
polynomial. See Chapter 34 for historical details.

Example 2.5. For the graph G2 in Figure 2.1b, the spanning subgraphs and
their contributions to T (G2) are given in Table 2.2. Thus we see that

T (G2;x, y) = (x�1)3+4(x�1)2+6(x�1)+(x�1)(y�1)+(y�1)+3 = x3+x2+xy.

Theorem 2.6. The dichromatic polynomial and the Tutte polynomial are
related through

T (G;x, y) = (x� 1)�k(G)(y � 1)�v(G)Z (G; (x� 1)(y � 1), (y � 1)) , (2.3)

and

Z (G;u, v) = uk(G)vr(G)T

✓
G;

u+ v

v
, v + 1

◆
. (2.4)

The equivalences given in Theorem 2.6 may be proved by using the defini-
tions of rank and nullity to expand the exponents and then collecting terms
to move the prefactor out of the sum.



The Tutte polynomial for graphs 17

A Contribution to T (G)

{a, b, c, d} (x� 1)0(y � 1)1

{a, b, c} (x� 1)1(y � 1)1

{a, b, d} (x� 1)0(y � 1)0

{a, c, d} (x� 1)0(y � 1)0

{b, c, d} (x� 1)0(y � 1)0

{a, b} (x� 1)1(y � 1)0

{a, c} (x� 1)1(y � 1)0

{a, d} (x� 1)1(y � 1)0

A Contribution to T (G)

{b, d} (x� 1)1(y � 1)0

{b, c} (x� 1)1(y � 1)0

{c, d} (x� 1)1(y � 1)0

{a} (x� 1)2(y � 1)0

{b} (x� 1)2(y � 1)0

{c} (x� 1)2(y � 1)0

{d} (x� 1)2(y � 1)0

; (x� 1)3(y � 1)0

TABLE 2.2: For the computations in Example 2.5.

2.2.2 Linear recursion definitions

The Tutte polynomial has a linear recursion reduction that expresses the
Tutte polynomial of a graph as the sum of the Tutte polynomials of the two
graphs that result from deleting or contracting any of its ordinary edges.
This central property of the Tutte polynomial not only facilitates inductive
arguments but is also at the heart of the universality statement in Section 2.4.
The linear recursion reduction leads to the following formulations of the Tutte
polynomial, known as the linear recursion or deletion–contraction definitions.
Work is required to verify these definitions, in particular to show that the
deletion–contraction operation may be applied to the edges in any order so it
results in a well-defined function. This point is discussed in more detail at the
end of this section.

The formulation of Definition 2.7 successively deletes and contracts ordi-
nary edges until only forests with loops remain, and these are evaluated by
counting the number of loops and bridges. This terminal form of the recursion,
which often provides the base case for induction arguments, is variously called
the terminal form, the base case, or the boundary condition.

Definition 2.7. Let G = (V,E) be a graph. Then the Tutte polynomial,
T (G;x, y) 2 Z[x, y] is the graph polynomial defined recursively by the relations

T (G;x, y) =

8
><

>:

T (G\e;x, y) + T (G/e;x, y) if e is ordinary edge,

xbyl
if G consists of exactly

b bridges and l loops.

(2.5)

When the variables are clear from context, it is common to suppress them
and write T (G) for T (G;x, y).

Example 2.8. An example of the computation of the Tutte polynomial using
Equation (2.5) is shown in Figure 2.2. The edge being deleted or contracted
at each step is shown in bold.

Example 2.9. A computation tree (also sometimes called a resolution tree)
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FIGURE 2.2: A computation of the Tutte polynomial of a graph.

for the Tutte polynomial of a graph is a diagram showing the successive
deletion–contractions steps. A computation tree for the Tutte polynomial us-
ing the terminal forms from Equation (2.5) is shown in Figure 2.3, giving
that

T

0

BB@

1

CCA = x2 + x+ xy + y + y2.

Another common equivalent presentation of the Tutte polynomial using
deletion–contraction allows bridges and loops to be ‘factored out’ at any point,
instead of just after all the ordinary edges have been removed.

Definition 2.10. Let G = (V,E) be a graph. Then the Tutte polyno-
mial, T (G;x, y) 2 Z[x, y] is the graph polynomial defined recursively by the
deletion–contraction relations

T (G;x, y) =

8
>>><

>>>:

xT (G/e;x, y) if e is a bridge,

y T (G\e;x, y) if e is a loop,

T (G\e;x, y) + T (G/e;x, y) if e is ordinary edge,

1 if E(G) = ;.

(2.6)

The identities in Equation (2.6) are known as the deletion–contraction
relations for the Tutte polynomial.

Note that since the Tutte polynomial is multiplicative on disjoint unions
and one-point joins (see Section 2.3), if e is a bridge, then xT (G/e;x, y) can
be replaced by xT (G\e;x, y) in Equation (2.6).

Example 2.11. An example of computing the Tutte polynomial using Equa-
tion (2.6) is shown in Figure 2.4. The edge being deleted or contracted at each
step is shown in bold.
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FIGURE 2.3: A computation tree for the Tutte polynomial of a graph.

The dichromatic polynomial Z(G), since equivalent to the Tutte polyno-
mial, must also have a deletion–contraction reduction. However, since Z(G) is
a shift of the Tutte polynomial, the form of its deletion–contraction reduction
is a little di↵erent, in particular in its terminal form.

Definition 2.12. If G = (V,E) is a graph, then the dichromatic polynomial,
Z(G;u, v) 2 Z[u, v] is given recursively by

Z(G;u, v) =

(
Z(G\e;u, v) + vZ(G/e;u, v) if e is any edge of G,

Z(G) = un if E(G) = ; and v(G) = n.

(2.7)

In general, if e and f are ordinary edges, then the two graphs that result
from deleting and contracting e are not isomorphic to the two graphs that
result from deleting and contracting f , as in Figure 2.5. Thus, it is necessary
to prove that the Tutte polynomial is independent of the order in which the
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FIGURE 2.4: A computation of the Tutte polynomial of a graph using Equation (2.6).

FIGURE 2.5: The graphs that result from deleting and contracting two di↵erent edges are
generally not isomorphic.

deletion–contraction relation is applied to the edges of a graph. There are vari-
ous approaches to this. One is to show that switching the order of deletion and
contraction of two edges does not change the outcome. This appears for ma-
troids in [249], and for graphs follow, for example, the proof of Proposition 4.1
of [886]. The proof depends on the observation that (G\e)/f = (G/f)\e. An-
other approach is to show by induction that the deletion–contraction formu-
lation is equivalent to another formulation, usually the state sum expansion
of Definition 2.3, which is clearly independent of any ordering of the edges.
A proof of this may be found in [152]. Alternatively, if the state sum expan-
sion of Definition 2.3 is taken to be the definition of the Tutte polynomial,
then the universality of the Tutte polynomial given by Theorem 2.24 in the
next section may be applied; however first proving the universality requires
as much work as a direct proof.
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FIGURE 2.6: Graphs used in Examples 2.13 and 2.18.

2.2.3 Spanning tree or activities expansions

The formulations of the Tutte polynomial in this subsection are sums over
maximal spanning forests. Note that although the nomenclature in the lit-
erature often uses “spanning tree expansion” to describe this formulation of
the Tutte polynomial, the sums are actually over maximal spanning forests
when the graphs are not connected. The expressions for the Tutte polynomial
use a specified ordering of the edges but can be shown to be independent of
the choice of order. The equivalence to the deletion–contraction formulation,
and also a direct proof of the independence of edge order, may be found in
[152]. Other “activity expansions” for the Tutte polynomial can be found in
Chapter 5.

We begin with the concepts necessary to define the internal and external
activities of a maximal spanning forest with respect to a given order of the
edges of a graph G. Let G = (V,E) be a graph and F be a maximal spanning
forest of G. The maximality of F means that if G is connected then F is
a spanning tree, and otherwise restricting F to any component of G gives a
spanning tree of that component. For each edge e 2 E \E(F ) there is a unique
cycle in G consisting of e and a subset of edges in F . This is the cycle defined
by e, denoted ZF (e) so

ZF (e) = (the edge set of the unique cycle in F [ e).

Also, for each edge e in F , the cut defined by e, denoted UF (e), is the set

UF (e) = {f 2 E : (F\e) [ f is a maximal spanning forest of G}.

Thus, an edge f is in UF (e) if and only if replacing e with f in F results in
another maximal spanning forest.

Example 2.13. If G3 is the graph in Figure 2.6a with maximal spanning for-
est F with edges {e2, e4, e5, e8, e10} shown in bold, then the cycles determined
by each of the edges not in F are:

ZF (e1) = {e1, e2, e8}, ZF (e3) = {e3}, ZF (e6) = {e6, e10},
ZF (e7) = {e4, e7, e8, e10}, ZF (e9) = {e4, e8, e9}.
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The cuts determined by each of the edges in F are:

UF (e2) = {e1, e2}, UF (e4) = {e4, e7, e9}, UF (e5) = {e5},
UF (e8) = {e1, e7, e8, e9}, UF (e10) = {e6, e7, e10}.

For the spanning tree definition of the Tutte polynomial we need an (arbi-
trary) linear ordering � of the edges of G. For convenience, we suppose that
the edges are indexed by this order, so that if E = {e1, . . . , em}, then the
order is given by ei � ej if and only if i < j.

Definition 2.14. If E = {e1, . . . , em} gives a linear order on the edges of G,
and if F is a maximal spanning forest of G, then we say that an edge e of G
is:

1. internally active with respect to F if e is in F and it is the smallest edge
in UF (e), the cut defined by e (otherwise it is internally inactive);

2. externally active with respect to F if e is not in F and it is the smallest
edge in ZF (e), the cycle defined by e (otherwise it is externally inactive);

3. F is an (i, j)-forest if it is a is a maximal spanning forest of G, and G has
exactly i internally active edges and exactly j externally active edges with
respect to F .

Example 2.15. If G3 is the graph in Figure 2.6a with maximal spanning
forest F on edges e2, e4, e5, e8, e10, and edge order given by the indices, then
the internally active edges of G with respect to F and this ordering are e4, e5,
and the externally active edges are e1, e3, e6.

We can now give the spanning tree expansion or activities expansion of the
Tutte polynomial.

Definition 2.16. Let G = (V,E) be a graph with a fixed linear order on E.
The Tutte polynomial, T (G;x, y) 2 Z[x, y], of G is

T (G;x, y) =
X

F a max.
span. forest

x|IA(F )|y|EA(F )|, (2.8)

where the sum is over all maximal spanning forests of G and where IA(F ) (re-
spectively EA(F )) denotes the set of internally active (respectively, externally
active) edges of G with respect to F and the linear ordering of E(G).

Collecting like terms gives the other common formulation of the spanning
tree expansion of the Tutte polynomial.

Definition 2.17. Let G = (V,E) be a graph with a fixed linear order on E.
The Tutte polynomial, T (G;x, y) 2 Z[x, y], of G is

T (G;x, y) =
X

i,j�0

tijx
iyj , (2.9)
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Spanning tree Internally Externally Contribution to T (G)
active active

e1, e2, e6 e1, e2, e6 e5 x3y

e1, e3, e6 e1, e6 e5 x2y

e2, e3, e6 e6 e1, e5 xy2

e2, e4, e6 e2, e6 e1, e5 x2y2

e3, e4, e6 e6 e1, e2, e5 xy3

TABLE 2.3: Activities for Example 2.18.

where, tij (which is also written ti,j) is the number of maximal spanning forests
of G with internal activity i and external activity j, i.e., tij is the number of
(i, j)-forests in G.

Example 2.18. For the graph G4 from Figure 2.6b, and with edge order
given by the indices, the internally active and externally active edges with
respect to each spanning tree are given in Table 2.3. It follows that the Tutte
polynomial of G4 is

T (G4) = x3y + x2y2 + x2y + xy2 + xy3.

2.2.4 Equivalence of the various definitions

Any of the definitions given for T (G) or Z(G) in Sections 2.2.1–2.2.3 may be
taken as the definition of the Tutte polynomial and the rest derived from it.
As noted above, if either the deletion–contraction definition or spanning tree
expansion is taken as the definition, it must first be shown independent of
the choice of edge order. If the state sum expansion is taken to be the defi-
nition, then it requires some work to show that it has a deletion–contraction
reduction. Showing that the deletion–contraction and state sum definitions,
Definitions 2.10 and 2.3, are equivalent is a fairy routine induction argument.
It involves specifying an edge e and splitting the sum in (2.3) into to parts,
one where e is in A and one where it is not, and considering the three possible
edge types, loop, bridge, and ordinary, for e. Showing that the spanning tree
definition, Definition 2.16, satisfies the deletion–contraction relations (2.6) is
more involved. The book [152] gives lucid proofs of equivalence of the three
definitions.

2.3 Multiplicativity

The Tutte polynomial is multiplicative on the disjoint union and one-point
joins of graphs.
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Proposition 2.19. If G and H are graphs then

T (G tH) = T (G) · T (H), (2.10)

and
T (G ⇤H) = T (G) · T (H). (2.11)

This follows readily from Definitions 2.10 or 2.16 by induction on the
number of ordinary edges in G ⇤H or G tH.

2.4 Universality of the Tutte polynomial

The universality property of the Tutte polynomial is one of its most important
features. Essentially, it says that any graph invariant that is multiplicative
on disjoint unions and one-point joins of graphs and that has a deletion–
contraction reduction must be an evaluation of the Tutte polynomial.

2.4.1 Tutte–Grothendieck invariant

Definition 2.20. Let G be a minor-closed class of graphs,R be a commutative
ring with unity and a, b 2 R. A graph invariant f : G ! R is a (generalized)
Tutte–Grothendieck invariant, or T–G invariant, if

f(G) = af(G\e) + bf(G/e) if e is ordinary, (2.12)

f(•) = 1, (2.13)

f(G tH) = f(G) · f(H), (2.14)

f(G ⇤H) = f(G) · f(H). (2.15)

2.4.2 Universality

The Tutte polynomial is a Tutte–Grothendieck invariant, and, in fact, since
the following two results give both universal and unique extension properties,
it is essentially the only Tutte–Grothendieck invariant, in that any other must
be an evaluation of it. This universality property of the Tutte polynomial can
be used to identify various graph polynomials as specializations of the Tutte
polynomial (see Chapter 3). Theorem 2.21 is known as a recipe theorem since
it specifies how to recover a Tutte–Grothendieck invariant as an evaluation of
the Tutte polynomial.

Theorem 2.21 (Universality Property of the Tutte Polynomial). Let G be
a minor-closed class of graphs, let R be a commutative ring with unity, and
let f : G ! R. If there exists a, b 2 R such that f is a Tutte–Grothendieck
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invariant, then

f(G) = an(G)br(G)T
⇣
G;

x

b
,
y

a

⌘
, (2.16)

where f( ) = x and f

 !
= y.

Example 2.22. As an illustration of the application of Theorem 2.21, let f(G)
denote the number of maximal spanning forests of a graphG. If e is an ordinary
edge of G, then f(G) can be written as the sum of the number of maximal
spanning forests of G that contain e and the number of maximal spanning
forests ofG that do not contain e. It is readily verified that the first term of this
sum equals f(G/e) and the second equals f(G\e), so f(G) = f(G\e)+f(G/e)
if e is ordinary. It is easily checked that Equations (2.13)–(2.15) hold, and so f

is a Tutte–Grothendieck invariant. Since f( ) = 1 and f

 !
= 1,

it follows that T (G; 1, 1) equals the number of maximal spanning forests of G.

We have the following unique extension property, which says that if we
specify any four elements a, b, x, y 2 R, then there is a unique well-defined
Tutte–Grothendieck invariant on these four elements.

Theorem 2.23. Let G be a minor-closed class of graphs, let R be a commu-
tative ring with unity, and let a, b, x, y 2 R. Then there is a unique Tutte–

Grothendieck invariant f : G ! R with f( ) = x and f

 !
= y.

Furthermore, this function f is given by

f(G) = an(G)br(G)T
⇣
G;

x

b
,
y

a

⌘
. (2.17)

If a or b are not units of R, then (2.16) and (2.17) are interpreted to mean
using expansion (2.2) of Definition 2.3, and cancelling before evaluating.

As we shall see in subsequent chapters, a common occurrence is that a
graph invariant may not quite satisfy the conditions of Theorem 2.18, but a
minor reformulation of it will, for example with the introduction of a pref-
actor. However, the following slight generalization from [152] may sometimes
streamline a proof.

Theorem 2.24. Let G be a minor-closed class of graphs. Then there is a
unique map U : G ! Z[x, y, a, b,↵] such that

U(G) =

8
>>><

>>>:

xU(G\e) if e is a bridge,

y U(G\e) if e is a loop,

aU(G\e) + b U(G/e) if e is ordinary edge,

↵n if E(G) = ; and v(G) = n.

(2.18)

Moreover
U(G) = ↵k(G)an(G)br(G)T

⇣
G;

↵x

b
,
y

a

⌘
. (2.19)
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Here, if ↵ 6= 1 then U is not multiplicative on disjoint unions, so unlike
the case for T (G) in Definition 2.10 in general U(G\e) 6= U(G/e).

Example 2.25. If we begin with the deletion–contraction relations for the
dichromatic polynomial in Equation (2.7), then taking (x, y, a, b,↵) = (1 +
v/u, v + 1, 1, v, u) and applying Theorem 2.24 gives Equation (2.4). On the
other hand, by starting with Equation (2.4), we can recover Equation (2.7)
via Theorem 2.24.

The results in this section can be proven by induction on the number of
ordinary edges from the deletion–contraction definition of the Tutte polyno-
mial. See, for example, Brylawski [251], Oxley and Welsh [905], Brylawski and
Oxley [247], Welsh [1141], and Bollobás [152] for detailed discussions of these
theorems and their consequences.

2.5 Duality

For plane graphs, duality interchanges the role of deletion and contraction:
(G⇤/e⇤) = (G\e)⇤ and (G⇤\e⇤) = (G/e)⇤, where e⇤ is the edge in G⇤ corre-
sponding to an edge e of G. It also changes loops to bridges and bridges to
loops. These observations can be used to write the deletion–contraction for-
mulation of the Tutte polynomial of the dual G⇤ in terms of the primal graph
G. An application of universality then gives the duality relation for the Tutte
polynomial:

Theorem 2.26. If G is a plane graph and G⇤ its dual, then

T (G⇤;x, y) = T (G; y, x). (2.20)

Theorem 2.26 can be rephrased in terms of planar graphs by using algebraic
duals, and also holds for matroids (See Theorem 4.125). However it does not
hold, in general, for non-plane graphs.


