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Abstract. A k-valuation is a special type of edge k-colourings of a medial graph. Various
graph polynomials, such as the Tutte, Penrose, Bollobás-Riordan, and transition polynomials,
admit combinatorial interpretations and evaluations as weighted counts of k-valuations. In this
paper, we define a multivariate generating function of k-valuations. We show that this is a
polynomial in k and hence is a graph polynomial in its own right. We show that the resulting
polynomial has several desirable properties, notably including a recursive deletion-contraction-
type definition. It also offers an alternative extension of the Penrose polynomial from plane
graphs to graphs in other surfaces.

1. Introduction3

Graph polynomials, including the many recent topological graph polynomials, encode com-4

binatorial information. The challenge lies in extracting this information. We present a new5

topological graph polynomial, and show how it count edge colourings, in particular edge 3-6

colourings of cubic graphs that need not be planar. We carry the combinatorial interpretation7

to some other well-known topological graph polynomials.8

Penrose’s highly influential paper [13] gives a graphical calculus for computing the number9

of proper edge 3-colourings of plane graphs. The work [10] built upon Penrose’s by extending10

this graphical calculus to give a method for counting edge 3-colourings of any (not necessarily11

planar) cubic graph. This calculus is applied to an immersion of the graph in the plane, but it12

does not depend upon the particular immersion chosen.13

On the other hand, Penrose’s graphical calculus led to the introduction of the Penrose poly-14

nomial P (G;λ) of plane graphs [1]. This was extended to graphs in any surface in [7]. For15

cubic plane graphs, the Penrose polynomial evaluated at λ = 3 gives the number of proper edge16

3-colourings. This result, however, does not hold for graphs embedded in surfaces of higher17

genus.18

Thus Penrose’s calculus for counting edge 3-colourings of cubic plane graphs has two dif-19

ferent topological extensions: one polynomial invariant of embedded graphs that counts edge20

3-colourings only in the plane case, the other a graphical calculus for immersed graphs that21

counts edge 3-colourings for any cubic plane graph via an immersion of it in the plane. To-22

gether, these extensions hint at the existence of a polynomial invariant of graphs in surfaces23

that counts edge 3-colourings of all cubic graphs, not just plane ones.24

In this paper we find such a polynomial. Our approach is through a generating function25

over k-valuations, a special kind of edge colouring. We show that this generating function is26

a polynomial in k. We relate the resulting topological graph polynomial Ω to the Penrose27

polynomial as well as to other topological graph polynomials, and use it to find a combinatorial28

information in topological graph polynomials.29

The k-valuations central to this investigation are colourings of medial graphs, which we now30

recall. Let G be a graph embedded in a surface Σ. The medial graph, Gm, of G is the 4-regular31

graph embedded in Σ obtained by positioning a vertex on each edge of G then adding edges32

as curves on the surface that follow the face boundaries between vertices. The graph G does33

not form part of the medial graph. The medial graph of an isolated vertex is a closed loop.34
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(Medial graphs may thus have free loops, where a free loop is a circular edge with no incident35

vertex.) Although medial graphs are most commonly studied in the setting of plane graphs,36

they are defined for graphs embedded in any surface, including those with boundary, or with37

non-cellular embeddings.38

Each vertex of G ⊂ Σ corresponds to a unique face of Gm ⊂ Σ. (Here by a a face we mean39

a component of Σ \ Gm.) This correspondence gives rise to a natural face 2-colouring of Gm40

which is obtained by colouring the faces of Gm that correspond to vertices of G black, and the41

remaining faces white. This is called the canonical checkerboard colouring.42

Let k be a natural number. A k-valuation of Gm is an edge k-colouring of Gm such that each43

vertex is incident to an even number (possibly zero) of edges of each colour. Here we denote44

k-valuations by φ and consider them as mappings to [k] = {1, . . . , k}.45

k-valuations play an important role in the theory of topological graph polynomials since46

several important graph polynomials have been shown to count k-valuations. To describe these47

interpretations we need a little more notation.48

A k-valuation of a canonically checkerboard coloured medial graph Gm yields four possible49

arrangements of colours about a vertex, which we term white, black, crossing, or total, as in50

Figure 1.51
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Figure 1. Classifying k-valuations at a vertex, where i 6= j.

We let wh(φ), bl(φ), cr(φ) and tot(φ) denote the numbers of white vertices, black vertices,52

crossing vertices and total vertices, respectively, in a k-valuation φ.53

As noted above, several graph polynomials have combinatorial interpretations as counts of54

k-valuations. The following theorem summarises what is known. For the theorem T (G;x, y)55

denotes the Tutte polynomial [14], R(G;x, y, z) the Bollobás-Riordan polynomial [2, 3], P (G;λ)56

the (topological) Penrose polynomial [1, 7, 13], and Q(G; (α, β, γ), t) the topological transition57

polynomial [5, 9]. We do not recall the definitions of these polynomials here since we do not58

need their details.59

Theorem 1 ([1, 4, 7, 9, 11]). The following identities hold.

T (G; k/b+ 1, kb+ 1) =
∑

(b+ 1)tot(φ)bwh(φ),(1)

kκ(G)R(G; k + 1, k, 1/k, 1) =
∑

2tot(φ),(2)

kκ(G)br(G)R
(
G; (k + b)/b, bk, 1/k

)
=
∑

(b+ 1)tot(φ)bwh(φ),(3)

P (G; k) = #Admissible k-valuations of Gm,(4)

P (G; k) =
∑

(−1)cr(φ),(5)

P (G;−k) = (−1)f(G)
∑

2tot(φ),(6)

Q(G; (α, β, γ), k) =
∑

(α+ β + γ)tot(φ)αwh(φ)βbl(φ)γcr(φ).(7)

Here the sums in (1)–(3) are over all k-valuations φ of Gm that contain no crossing configura-60

tions. An admissible k-valuation is one that contains no black configurations, and the sums in61

(5) and (7) are over all admissible k-valuations of Gm. The sum in (7) is over all k-valuations62

φ of Gm. Furthermore, in (1) and (4) G must be plane, and in (6) the Petrie dual of the63

geometric dual of G must be orientable for the identity to hold.64

Equation (2) is due to M. Korn and I. Pak [11]. Equation (7) Is due to F. Jaeger [9] and65

M. Aigner [1]. The remaining interpretations are due to J. Ellis-Monaghan and I. Moffatt.66
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non-loop non-orientable loop orientable loop

G

G/e

Gi e

Table 1. Contracting and twist-contracting and edge of a ribbon graph

G −→ Gτ(e)

Gτ(e) ←− G

Figure 2. Forming a partial Petrial at edge of a ribbon graph

Equation (5) and a special case of (6) is from [7]. The remaining identities are from [4].67

Equation (3) generalises (1) and (2), and (5) generalises (4). Equations (1)–(6) can all be68

obtained from (7), as described in [4].69

Equations (1)–(7) address the problem of finding combinatorial interpretations of topological70

graph polynomials. In this paper we invert the problem: we take k-valuations as our staring71

point.72

Definition 1. For an embedded graph G and natural number k, let73

Ωk(G;w, x, y, z) :=
∑

φ a k-valuation of Gm

wtot(φ)xwh(φ)ybl(φ)zcr(φ)

where wh(φ), bl(φ), cr(φ) and tot(φ) denote the number of white vertices, black vertices, crossing74

vertices and total vertices, respectively, in a k-valuation φ.75

Furthermore we will show that Ωk is a polynomial in k and hence defines a graph polynomial.76

Our approach to Ωk is skein theoretic. We provide a recursive definition for Ωk (similar to77

the skein relations defining transition polynomial, and akin to the deletion-contraction relations78

for the Tutte polynomial). Doing this, however, requires us to consider k-valuations of a gen-79

eralisation of embedded graphs that we name edge-point ribbon graphs. These are essentially80

ribbon graph whose vertices can intersect in points. In the setting of edge-point ribbon graphs,81

we define, recursively, a polynomial invariant Ω(G) ∈ Z[w, x, y, z, t], give a state-sum formu-82

lation of it, and prove that Ωk(G) gives a combinatorial interpretation of it. We show Ω(G)83

specialises to the Tutte polynomial, the Bollobás-Riordan polynomial, the (topological) Penrose84

polynomial, and the (topological) transition polynomial. Finally, we give some combinatorial85

evaluations of Ω and Ωk in terms of graph colourings.86

2. Ribbon graphs87

As is often the case with topological graph polynomials, it is convenient to describe embedded88

graphs as ribbon graphs. We assume a familiarity with these, and will use their operations of89

deletion, contraction (see Table 1), and of partial Petriality (see Figure 2). See, for example,90

[6] for background on ribbon graphs and these operations.91
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Definition 2. For a ribbon graph G and edge e, we let Gi e denote the ribbon graph Gτ(e)/e.92

We call the operation this defines twist-contraction. See Figure 1.93

Deletion, contraction and twist-contraction are standard ribbon graph operations. In order94

to understand Ωk(G) we introduce a new operation on a ribbon graph. However, for closure95

under this operation we need to augment the class of graphic objects we consider.96

Definition 3. An edge-point ribbon graph is an object obtained from a ribbon graph G = (V,E)97

by contracting each edge in some (possibly empty) subset B of E to a point. We call the points98

created by such a process singular points.99

Note that a ribbon graphs are a special type of edge-point ribbon graph, one with no singular100

points. Figure 3 shows a edge-point ribbon graph.101

Figure 3. An edge-point ribbon graph (left) and its description using edge
colours (right)

Two edge-point ribbon graphs are equivalent if they can be obtained from equivalent ribbon102

graphs by contracting corresponding edges to a point.103

Edge-point ribbon graphs can also be viewed as edge 2-coloured ribbon graphs where edges104

of one colour, by convention here dark grey, represent the edges that are contracted to a point105

in the formation of an edge-point ribbon graph, and light grey edges correspond to the edges of106

the edge-point ribbon graph. See Figure 3.107

The operations of deletion, contraction, and twist-contraction for edge-point ribbon graphs108

are inherited from the ribbon graph operations. Note that these operations should not be109

applied to the dark grey edges when using the edge 2-coloured model.110

We let κ(G) denote the number of connected components of an edge-point ribbon graph, and111

∂(G) denote its number of boundary components. Note that the boundary components need112

not be homeomorphic to a circle. Also note that if G is an edge-point ribbon graph then ∂(G),113

in general, is not equal to the to the number of boundary components of an edge 2-coloured114

ribbon graph that represents it.115

Definition 4. Let G = (V,E) be an edge-point ribbon graph, and e ∈ E. Then G� e denotes116

the edge-point ribbon graph obtained by contracting e to a point. See Figure 4. We call the117

operation G� e defines, contraction to a point.118

An edge e of G G� e G� e using edge colours

Figure 4. Forming G� e at an edge of an edge-point ribbon graph

For a ribbon graph G and for A ⊆ E(G) we let G \A denote the result of deleting each edge119

in A. The notation G/A, GiA and G�A is defined similarly.120
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3. A graph polynomial Ω121

We now use the above four operations on edge-point ribbon graphs to define a polynomial122

invariant of edge-point ribbon graphs.123

Definition 5. Let Ω(G) ∈ Z[w, x, y, z, t] be a polynomial of edge-point ribbon graphs recursively124

defined by125

Ω(G) = wΩ(G� e) + xΩ(G/e) + yΩ(G \ e) + zΩ(Gi e),

and when G is edgeless,126

Ω(G) = tκ(G),

where κ(G) denotes the number of connected components of an edge-point ribbon graph.127

Example 1. Using the edge 2-colour notation for edge-point ribbon graphs, we have the following.

Ω

( )
= t3 Ω

( )
= (w + x+ z)t+ yt2

Ω

( )
= w(w + x+ y + z)t+ x(w + y + z)t+ y(w + x+ z)t

+ z(w + x+ y)t+ (x2 + y2 + z2)t2

Ω

( )
= w(w + x+ y + z)t+ x(w + x+ z)t+ y(w + y + z)t

+ z(w + x+ y)t+ (2xy + z2)t2

The polynomial given in Definition d.3 is well defined because all of the operations128

Definition 5 does not a priori result in a well-defined polynomial invariant since its value129

could, in principle, depend upon the order of edges to which the recursion relation is applied.130

The following theorem shows that the value of Ω(G) is in fact independent of such a choice and131

hence does give a well-defined polynomial invariant.132

Theorem 2. Let G be an edge-point ribbon graph with edge set E. Then133

(8) Ω(G) =
∑

(A,B,C,D) an
ordered partition of E

w|A|x|B|y|C|z|D|t∂(G[A,B,C,D]),

where134

G[A,B,C,D] := ((((G�A)/B) \ C)iD),

and ∂(G[A,B,C,D]) is its number of boundary components.135

Proof. We use induction on the number of edges to prove that the state sum in Equation (8)136

satisfies the identities in Definition 5. For clarity, in this proof we let Θ(G) denote the sum in137

the right-hand side of (8).138

If G has no edges then Θ(G) = t∂(G) = tκ(G), and so Θ(G) = Ω(G).

(9) Θ(G) =
∑

(A,B,C,D) ordered
partition of E(G)

where e∈A

θ(G;A,B,C,D) +
∑

(A,B,C,D) ordered
partition of E(G)

where e∈B

θ(G;A,B,C,D)

+
∑

(A,B,C,D) ordered
partition of E(G)

where e∈C

θ(G;A,B,C,D) +
∑

(A,B,C,D) ordered
partition of E(G)

where e∈D

θ(G;A,B,C,D),

where θ(G;A,B,C,D) := w|A|x|B|y|C|z|D|t∂(G[A,B,C,D]).139
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Focussing on the first sum in the right-hand side of (9), we see that, since e ∈ A, we have140

G[A,B,C,D] = (G� e)[A \ {e}, B,C,D], and so141 ∑
(A,B,C,D) ordered
partition of E(G)

where e∈A

θ(G;A,B,C,D) = w
∑

(A,B,C,D) ordered
partition of E(G�e)

θ(G� e;A,B,C,D) = wΩ(G� e),

where the last equality is by the inductive hypothesis.142

Similar arguments give that the second, third, and fourth sums in (9), equal xΩ(G/e), yΩ(G\143

e), and zΩ(Gi e), respectively. It follows that Θ(G) = Ω(G). �144

Theorem 2 immediately gives the following result.145

Corollary 1. Ω is well-defined in the sense that it is independent of the order of edges to which146

the recursion relations of Definition 5 are applied.147

We note that Ω subsumes several graph polynomials from the literature. In the following148

proposition, T (G) denotes the Tutte polynomial, R(G) the Bollobás-Riordan polynomial, P (G)149

the Penrose polynomial, and Q(G) the topological transition polynomial.150

Proposition 1. Let G be a ribbon graph. Then151

(1) Ω
(
G; 0,

√
y/x, 1, 0,

√
xy
)

= xκ(G)(
√
y/x)|V (G)|T (G;x+ 1, y + 1), when G is plane,152

(2) Ω
(
G; 0,

√
y/x, 1, 0,

√
xy
)

= xκ(G)(
√
y/x)|V (G)|R(G;x+ 1, y, 1/

√
xy),153

(3) Ω(G; 0, 1, 0,−1, λ) = P (G;λ),154

(4) Ω(G; 0, α, β, γ, t) = Q(G; (α, β, γ) , t).155

Proof. The result for the transition polynomial is immediate. The remaining results follow by156

expressing T (G), R(G), and P (G) in terms of the transition polynomial, as in [7, 8]. �157

4. Evaluations and interpretations158

In Section 1 we described how to construct the medial graph of a graph embedded in a159

surface. Medial graphs can also be constructed from ribbon graphs. Let G be a ribbon graph.160

Construct an embedded graph Gm by taking one point in each edge of G as the vertices of161

Gm. To construct the edges, from each vertex of Gm draw four non-intersecting curves on the162

edge from that vertex to the four “corners” of the edge (i.e., the four end-points of the arcs163

where the edge intersects its incident vertices). Finally, connect these curves up by following164

the boundary of G.165

The medial graph of an edge-point ribbon graph G is the 4-regular embedded graph Gm166

constructed by following the above procedure for ribbon graphs, and then adding a vertex at167

each singular point. See Figure 5 for an example. The medial graph Gm has two types of vertex:168

those corresponding to edges of G, we call these non-singular vertices; and those corresponding169

to singular points of G, we call these singular vertices. By convention, here we draw the singular170

vertices of Gm as hollow dots.171

Figure 5. An edge-point graph G (left) and its medial graph Gm embedded in G (right)

6



When using the edge 2-colour model of edge-point ribbon graphs, Gm can be formed by172

taking its medial graph and declaring the vertices on the dark grey edges to be singular.173

Medial graphs of an edge-point ribbon graph admit a canonical checkerboard colouring. This174

is obtained by colouring the regions of the surface it lies in black if it contains a vertex of G and175

white otherwise. The notion of a k-valuation extends to medial graph of an edge-point ribbon176

graphs by insisting that all edges incident to a singular vertex are of the same colour, as follows.177

Definition 6. Let k be a natural number, and G be an edge-point ribbon graph. A k-valuation178

of Gm is an edge k-colouring of Gm such that each vertex is incident to an even number (possibly179

zero) of edges of each colour, and all edges incident to a singular vertex are of the same colour.180

If Gm is canonically checkerboard coloured then the four possible arrangements of colours181

about a vertex, are white, black, crossing, or total, as described in Figure 1. Singular vertices182

are always total.183

Theorem 3. Let G be an edge-point ribbon graph, and let k ∈ N. Then184

(10) Ω(G;w, x, y, z, k) =
∑

φ a k-valuation of Gm

(w + x+ y + z)tot(φ)xwh(φ)ybl(φ)zcr(φ).

Proof. We use induction on the number of edges of an edge-point ribbon graph G. The claim185

is easily verified when G has no edges.186

Now assume that G has edges and that the claim holds for all edge-point ribbon graphs with187

fewer edges that G. For a k-valuation φ of Gm, and for U ⊆ V (Gm), set188

ω(G,φ, U) := (α+ β + γ)tot(φ,U)αwh(φ,U)βbl(φ,U)γcr(φ,U),

where tot(φ,U), wh(φ,U), bl(φ,U), cr(φ,U) denote the numbers of total, white, black, and189

crossing vertices contained in U in the k-valuation φ of Gm.190

Fix an edge e of G, and let ve be its corresponding vertex in Gm. By splitting it up according
to what the k-valuation does at ve, we can write the sum on the right-hand side of (10) as

(11) w
( ∑
φ a k-val. of Gm

φ tot. ve

ω(G,φ, V (Gm)\{ve})
)

+ x
( ∑

φ a k-val. of Gm
φ tot. or wh. at ve

ω(G,φ, V (Gm)\{ve})
)

+ y
( ∑
φ a k-val. of Gm
φ tot. or bl. at ve

ω(G,φ, V (Gm)\{ve})
)

+ z
( ∑
φ a k-val. of Gm
φ tot. or cr. at ve

ω(G,φ, V (Gm)\{ve})
)

We show that the first term in (11) equals wQ(G� e). Consider G locally at an edge e, and
Gm locally at the corresponding vertex ve as shown in Table 2. Note that in the table we are not

G G� e G/e G \ e Gi e

Graph e

Medial graph
ve

Table 2. Local differences in G, G � e, G/e, G − e, G i e, and their medial
graphs for a non-loop edge e

assuming that the vertices at the ends of e are distinct or that they lie on the plane on which
they are drawn, and so Table 2 and the following argument also includes the cases when e is an
orientable or non-orientable loop. Table 2 also shows G� e and (G� e)m at the corresponding
locations. All the embedded graphs in the table are identical outside of the region shown. Let
φ′ be a k-valuation of (G � e)m. Then the arcs of (G � e)m shown in Table 2 are all coloured
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with the same element i. The k-valuation φ′ of (G � e)m naturally induces a k-valuation φ of
Gm in which (φ, ve) is total. As this process is reversible, we have a bijection between the set
of all k-valuations of (G� e)m, and the set of all k-valuations of Gm in which ve is total. Thus∑

φ a k-val. of Gm
φ tot. ve

ω(G,φ, V (Gm)\{ve}) =
∑

φ a k-val. of (G�e)m

ω(G� e, φ, V ((G� e)m)

= Ω(G� e;w, x, y, z, k),

where the second equality follows by the inductive hypothesis.191

Similar arguments give that the second, third, and fourth sums in (11) equal xΩ(G/e),192

yΩ(G \ e) and zΩ(G i e) respectively. Thus Equation (11) equals wΩ(G � e) + xΩ(G/e) +193

yΩ(G \ e) + zΩ(Gi e), which is Ω(G). �194

The significance of Theorem 3 is that it provides a recursive, skein-theoretic way to compute195

the generating function Ωk for the k-valuations of Definition 1.196

Corollary 2. Let G be a ribbon graph or a cellularly embedded graph, and let k be a natural197

number. Then198

Ωk(G;w, x, y, z) = Ω(G; (w − x− y − z), x, y, z, k).

In particular, Ωk(G;w, x, y, z) is a polynomial in k.199

The (geometric) dual, G∗ of a ribbon graph G = (V (G), E(G)) is constructed as follows.200

Recalling that, topologically, a ribbon graph is a surface with boundary, we cap off the holes201

using a set of discs, denoted by V (G∗), to obtain a surface without boundary. Then G∗ =202

(V (G∗), E(G)) is the ribbon graph obtained by removing the original vertices.203

Corollary 3. Let G be a ribbon graph or an embedded graph. Then204

Ω(G;−2, 1, 0, 1, λ) =
∑

A⊆E(G)

χ((Gτ(A))∗;λ),

and205

Ωk(G; 0, 1, 0, 1) =
∑

A⊆E(G)

χ((Gτ(A))∗; k)

where χ(H;λ) is the chromatic polynomial of H.206

Proof. By Corollary 2, for each k, Ωk(G; 0, 1, 0, 1) counts the number of k-valuations of Gm in207

which each vertex is either white or crossing.208

A proper boundary k-colouring of a ribbon graph is a map from its set of boundary compo-209

nents to [k] with the property that whenever two boundary components share a common edge,210

they are assigned different colours.211

Let Aφ ⊆ E(G) be the set of edges corresponding to vertices of Gm with crossings in the212

admissible k-valuation φ. The cycles in Gm determined by the colours in the k-valuation φ213

follow exactly the boundary components of the partial Petrial Gτ(Aφ). Moreover, the colours214

of the cycles in the k-valuation induce a colouring of the boundary components of Gτ(Aφ). It215

is easy to see that this sets up a 1-1 correspondence between k-valuations of Gm in which each216

vertex is either white or crossing, and proper boundary colourings of Gτ(Aφ). However, since the217

boundary components of a ribbon graph H correspond with the vertices of its dual H∗, it follows218

that there is a 1-1 correspondence between proper boundary colourings of Gτ(Aφ), and proper219

vertex colourings of (Gτ(Aφ))∗. It follows that Ωk(G; 0, 1, 0, 1) =
∑

A⊆E(G) χ((Gτ(e))∗; k). Since220

this is true for each natural number k, and using Corollary 2, the result about Ω(G;−2, 1, 0, 1, λ)221

follows. �222

It is interesting to compare Corollary 3 with Theorem 5.3 of [4] which gives that Ω(G; 0, 1, 0,−1, λ) =223 ∑
A⊆E(G)(−1)|A|χ((Gτ(A))∗;λ).224
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Corollary 4. Let G be a plane ribbon graph. Then225

Ω(G;−2, 1, 0, 1, λ) = P (G;λ),

and226

Ωk(G; 0, 1, 0, 1) = P (G; k),

where P (G;λ) is the Penrose polynomial.227

Proof. This follows from Corollary 3 since it was shown in [7] that
∑

A⊆E(G) χ((Gτ(e))∗;λ) equals228

the Penrose polynomial of a plane graph. �229

Corollary 5. If G is a cubic ribbon graph then230

Ω(G;−2, 1, 0, 1, 3) = #proper edge 3-colourings of G,

and231

Ω3(G; 0, 1, 0, 1) = #proper edge 3-colourings of G.

Proof. This argument is an adaptation of the argument in [13] used to show that the Penrose232

polynomial counts proper edge 3-colourings of plane graphs. Proper edge 3-colourings of a233

ribbon graph are in bijection with proper boundary 3-colourings of partial Petrials of that234

ribbon graph as indicated in Figure 6.235

b

c

b

c

a ←→ a a

b

c

b

c

c

b

a ←→ a a

b

c

Figure 6. Moving between edge 3-colourings and boundary 3-colourings

As in the proof of Corollary 3, Ω3(G; 0, 1, 0, 1) counts the number of proper boundary 3-236

colourings of the partial Petrials of G. The result follows. �237

For plane graphs G, Corollary 4 implies that Ω(G;−2, 1, 0, 1, 3) coincides with P (G). This is238

not true, in general, when G in non-plane so Corollary 4 does not give a new interpretation of239

the topological Penrose polynomial of [12].240

However, a direct consequence of Corollary 5 is that Ω(G;−2, 1, 0, 1, λ) (and Ω(G;w, x, y, z, t))241

offers an extension of the original plane Penrose polynomial of [1, 13] to a topological graph242

polynomial that counts edge 3-colourings of all (not just cubic) graphs, one of its key properties.243

With this in mind make offer the following definition244

Definition 7. Let G be an edge point-ribbon graph. We call245

Pp(G;λ) := Ω(G;−2, 1, 0, 1, λ)

the pointed-Penrose polynomial.246

Note that it satisfies the recursion Pp(G) = Pp(G/e) + Pp(Gi e)− 2Pp(G� e).247

It would be interesting to determine what other properties of the classical plane Penrose248

polynomial extend to Pp (a catalog of some properties that do and do not extend to the topo-249

logical Penrose polynomial may be found in [6, 7]). Similarly, a new avenue of investigation250

would be comparing and contrasting the properties of the pointed Penrose polynomial Pp and251

the topological Penrose polynomial P for non-planar graphs. We leave these as open problems252

for the reader.253
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