
14 Increasing and decreasing functions

14.1 Sketching derivatives

READING Read Section 3.2 of Rogawski Reading

Recall,

f ′(a) is the gradient of the tangent line of f(x) at x = a.

We can use this fact to sketch the graphs of derivatives of functions.
-

Example 1.

HOMEWORK Rowgowski Section 3.2: Q 47, 48, 49, 71, and Section
3.5: Q 39, 40

Homework
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14.2 Critical points and the first derivative

READING Read Section 4.2 of Rogawski Reading

We can also use the derivative f ′(x) to sketch the graph of f(x). Here we are interested
in how the derivative can be used to determine where a function is increasing and where is
it decreasing.

Theorem: if f(x) is differentiable on the interval (a, b) then:

-
behaviour of f(x) on (a, b)

f ′(x) > 0
f ′(x) < 0

Notice that if f ′(x) changes sign at a point x = c then either -

•

•

Such points are called critical points.

Definition: A number c in the domain of f(x) is called a critical point
if f ′(c) = 0 or f ′(c) does not exist.

We can now determine where a function is increasing and where it is decreasing:

Example 2. Let f(x) = x2− 3x+ 2 determine on which intervals the function is increasing
and on which intervals it is decreasing.

Solution. First we find the critical points,

f ′(x) = 2x− 3

f ′(x) = 0 ⇐⇒ 2x− 3 = 0 ⇐⇒ x = 3/2

So the critical point is at x = 3/2.
This means that the function is either increasing or decreasing on the whole of the interval

(−∞, 3/2); and is either increasing or decreasing on the whole of the interval (3/2,∞).
Therefore, to determine if the function is increasing on (−∞, 3/2) we only need to test

the value of f ′(x) for one point in this interval: f ′(0) = −3 < 0, so the function is decreasing
on (−∞, 3/2).

Similarly, f ′(2) = 1 > 0, so the function is increasing on (3/2,∞).
This calculation can be summarized in a table:
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interval test value behaviour of f(x)
(−∞, 3/2) f ′(0) = −3 < 0 decreasing
(3/2,∞) f ′(2) = 1 > 0 increasing

Summary: To find where f(x) is increasing and where it is decreasing: Memorize

1. Find the critical points.

2. Split the domain of f(x) into intervals using the critical points. f(x) is either increasing
or decreasing on the whole of each of these intervals.

3. Test the sign of f ′(x) on each of the intervals.

4. Write down if the function is increasing or decreasing on each of the intervals.

Example 3. Let f(x) = x2

x+1
determine on which intervals the function is increasing and on

which intervals it is decreasing.
-

Solution. First find the critical points,

f ′(x) =

and

f ′(x) = 0 ⇐⇒

f ′(x) is not defined at the point x =

So the three critical points are

interval test value behaviour of f(x)

HOMEWORK Answer the questions below Homework

Find all of the critical points of the following functions and determine on which intervals
they are increasing and on which intervals they are decreasing.

(i) f(x) = x2 − 2x + 4
(ii) f(x) = x

x2+1

(iii) f(x) = x ln(x)
(iv) f(x) = x + cos(x)
(v) f(x) = sin(x) + cos(x)
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15 Maximum and minimum values

READING Read Section 4.2 and 4.3 of Rogawski Reading

15.1 Local maxima and minima

A point x = c is a local minimum (respectively local maximum) if (c, f(c)) is lowest
(respectively highest) point in a small neighbourhood of (c, f(c))

-
Example 4.

Formally,

Definition: f(x) has local maximum at x = c if f(c) is the maximum value
of f on some open interval containing c.
f(x) has local minimum at x = c if f(c) is the minimum value
of f on some open interval containing c.

Again, we can use the first derivative to find local maxima and minima. We’ll now see
why.

Theorem: if f(x) has a local maximum or local minimum at x = c,
then c is a critical point of f(x).

Warning: This theorem does not say that a local maximum or minimum occurs at
every critical point. It does tell us where to look for possible local maxima and minima.

Example 5.

4



Critical points provide a set of potential local maxima and minima. We need a way to
test if the critical points are local maxima or minima.

Theorem: Let f(x) be differentiable and c is a critical point, then
(First derivative test if f ′(x) changes from + to − at c, f(c) is a local max..
for critical points) if f ′(x) changes from − to + at c, f(c) is a local min.

This gives us a way to find local maxima and minima: Memorize.

1. Find the critical points.

2. Check to see if the sign changes at the critical points

Example 6. Find all of the local maxima and minima of y = xe2x.
-

Solution.
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Example 7. Find all of the local maxima and minima of y = x5 + x3 + 1.
-

Solution.

15.2 Global maxima and minima

Here we are interested in finding the largest and smallest values that a function can attain.

Definition: Let f(x) be a function with domain D. Then f(a) is the
absolute maximum of f(x) if f(a) ≥ f(x) for all x ∈ D
absolute minimum of f(x) if f(a) ≤ f(x) for all x ∈ D

-
Example 8.
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Theorem: Let f(x) be continuous on [a, b], then the minimum and maximum values occur
at a critical point
or at an end point a or b.

this gives us a way to find max. and min. values of f(x) over [a, b]:

1. Check f(x) is continuous.

2. Find the critical points c1, c2, . . . , ck in the interval [a, b].

3. Calculate the values f(a), f(b), f(c1), f(c2), . . . , f(ck) and pick the biggest and smallest
values

Example 9. Find maximum and minimum values of f(x) = x3 − 6x + 1 over the interval
[−1, 2]

-
Solution. f(x) is continuous since it is a polynomial.

Now find the critical points:

f ′(x) = 3x2 − 6

f ′(x) is always defined

f ′(x) = 0 ⇐⇒ 3x2 − 6 = 0 ⇐⇒ x = ±
√

2

Only the critical point +
√

2 is in [−1, 1]

f(−1) = 6

f(1) = −6

f(
√

2) ≈ −4.66

So the max is f(−1) = 6

the min is f(
√

2) ≈ −4.66.
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Example 10. Example 6: Find maximum and minimum values of f(x) = x − 4x
x+1

over
the interval [0, 3]

-
Solution.

HOMEWORK Answer the questions below. Homework

Find the maximum and minimum value of the function over the given interval
(i) f(x) = 2x2 − 4x + 2 over [0, 3]
(ii) f(x) = x2 − 6x− 1 over [−2, 2]
(iii) f(x) = x2 − 6x− 1 over [−2, 0]
(iv) f(x) = x− 4x

x+1
over [0, 3]

(v) f(x) = tan(x)− 2x over [0, 1]
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15.3 Maximum and minimum values over open intervals

Consider what happens if we try to find maximum and minimum values over open intervals:

Example 11. Does f(x) = 5
x

+ x2 attain a maximum value in the interval (0, 2)?
-

Solution.

Let f(x) be a function. If

• f is continuous on (a, b), (a, b] and lim
x→a+

f(x) = ∞, then f does not have an absolute

maximum in the interval;

• f is continuous on (a, b) or [a, b) and lim
x→b−

f(x) =∞, then f does not have an absolute

maximum in the interval;

• f is continuous on (a, b), (a, b] and lim
x→a+

f(x) = −∞, then f does not have an absolute

minimum in the interval.

• f is continuous on (a, b) or [a, b) and lim
x→b−

f(x) = −∞, then f does not have an absolute

minimum in the interval.

(Note that we can actually say more than this, as we will see soon.)
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Example 12. 1. Does f(x) = 1
x−2 have an absolute minimum in the interval [−2, 2)?

2. Does g(x) = x5 have an absolute maximum or minimum in the interval (−∞,∞)?

3. Does h(x) = ln(x) have an absolute maximum or minimum in the interval [2,∞)?

4. Does i(x) = x have an absolute maximum or minimum in the interval (2, 3)?

5. Does j(x) = x2 have an absolute maximum or minimum in the interval (−1, 1)?
-

Solution.

To find max. and min. values of f(x) over (a, b):

1. Check f(x) is continuous on (a, b).

2. Calculate lim
x→a+

f(x) and lim
x→b−

f(x).

3. Find the critical points c1, c2, . . . , ck in the interval (a, b).

4. Calculate the values f(c1), f(c2), . . . , f(ck).

5. If f(ci) ≥ max{ lim
x→a+

f(x), lim
x→b−

f(x), f(c1), f(c2), . . . , f(ck)} then f(ci) is an absolute

maximum; if there is no such ci, then f has no absolute maximum.

6. If f(ci) ≤ min{ lim
x→a+

f(x), lim
x→b−

f(x), f(c1), f(c2), . . . , f(ck)} then f(ci) is an absolute

minimum; if there is no such ci, then f has no absolute minimum.
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Similarly, to find max. and min. values of f(x) over (a, b]:

1. Check f(x) is continuous on the interval.

2. Calculate lim
x→a+

f(x).

3. Find the critical points c1, c2, . . . , ck in the interval.

4. Calculate the values f(c1), f(c2), . . . , f(ck).

5. If f(ci) or f(b), respectively, is greater than or equal to max{ lim
x→a+

f(x), f(b), , f(c1), f(c2), . . . , f(ck)}
then f(ci) or f(b), respectively, is an absolute maximum, otherwise there is no absolute
maximum.

6. If If f(ci) or f(b), respectively, is less than or equal to min{ lim
x→a+

f(x), f(b), , f(c1), f(c2), . . . , f(ck)}
then f(ci) or f(b), respectively, is an absolute minimum, otherwise there is no absolute
minimum.

To find max. and min. values of f(x) over or [b, a): follow the procedure above, but use
lim
x→a−

f(x), instead of lim
x→a+

f(x)

Example 13. Find the maximum and minimum values (if they exist) of f(x) = 1
3
x3+ 5

2
x2+4

over [−3, 2).
-

Solution.
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16 Optimization

READING Read Section 4.6 of Rogawski Reading

We’ll now apply this to optimization problems. Here is the approach that we’ll use to solve
our problems.

1. Choose variables and decide what you want to minimize or maximize.

2. Write down any relations between your variables that you think might be useful.

3. Express the quantity that you want to minimize or maximize as a function of a single
variable.

4. Write down the bounds on the variable.

5. Solve the minimization or maximization problem.

6. Write down the answer to the original problem.

Example 14. What is the maximum area of a rectangle with perimeter 10cm?

Example 15. Find the positive number x with the property that the sum of x and its
reciprocal is as small as possible.

Example 16. Find the point P on the line y = 2x that is closest to the point (1, 0).

HOMEWORK Rowgowski Section 4.6: Q 1, 2, 5, 9, 13, 16, 36, 59 and
60

Homework
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17 The second derivative

17.1 The second derivative test

READING Read Section 4.4 of Rogawski Reading

We can sometimes use the second derivative f ′′(x) to determine if there is a local maxi-
mum of a local minimum at x = c.

Theorem: If f(x) is differentiable, c is a critical point and f ′′(c) exists, then
(second derivative f ′′(c) > 0 =⇒ f(c) is a local minimum
test) f ′′(c) < 0 =⇒ f(c) is a local maximum

f ′′(c) = 0 =⇒ inconclusive (f(c) may be local max, local min or neither)

Justification:

Example 17. x = 1/2 is a critical point of f(x) = 1
x2−x+2

. Determine if there is a local
max.or local min. at x = 1/2.

-
Solution.

f ′(x) =
1− 2x

(x2 − x + 2)2

f ′′(x) =
2(3x2 − 3x− 1)

(x2 − x + 2)3

f ′′(1/2) < 0

so there is a local max at x = 1/2.
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Example 18. Find the critical points of f(x) = xe−x
2

and determine if they are local
maxima or local minima using the second derivative test.

-
Solution. First find the critical points:

f ′(x) =

f ′(x) = 0 ⇐⇒

f ′(x) is always defined so the critical points are x = ±1/
√

2.

f ′′(x) =

f ′′(1/
√

2) = −2
√

2e−1/2 < 0

f ′′(−1/
√

2) = 2
√

2e−1/2 > 0

so there is a local at x = 1/
√

2, and a local at x = −1/
√

2

Example 19. Find the critical points of f(x) = x5 − 5x4 and determine if they are local
maxima or local minima.

-

Solution. First find the critical points:

f ′(x) =

f ′(x) = 0 ⇐⇒

f ′(x) is always defined so the critical points are x = 0 and x = 4.

f ′′(x) =

f ′′(4) = so there is a local at x = 4

f ′′(0) =

so the second derivative test fails and we need to use the first derivative test

interval sign

so there is a local at x = 0

HOMEWORK Rowgowski Section 4.4: Q 23, 25, 27, 28, 35 Homework
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17.2 Concavity and points of inflection

READING Read Section 4.4 of Rogawski Reading

Intuitively, a graph is concave down if it “bends down”:

and a graph is concave up if it “bends up”:

A point where a graph changes from concave down to concave up; or from concave up to
concave down is called a point of inflection:

-
Example 20. On the following graphs, mark where the graph is concave up, concave down
and where the points of inflection are.
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Here is what it actually means to be concave up or concave down:

Definition: If f(x) is differentiable on (a, b), then
(concavity) f(x) is concave up on (a, b) if f ′(x) is increasing on (a, b);

f(x) is concave down on (a, b) if f ′(x) is decreasing on (a, b).

Justification of the definition:

We want to determine where a function is concave up and concave down. To do this we need
a test:

Theorem: If f ′′(x) exists for all x in (a, b), then
(Test for concavity) if f ′′(x) > 0 for all x ∈ (a, b) then f(x) is concave up on (a, b);

if f ′′(x) < 0 for all x ∈ (a, b) then f(x) is concave down on (a, b).

Justification of the theorem:

Since, if f ′′(x) changes sign at x = c we must have f(c) = 0 or f(c) is undefined, this
theorem gives a recipe for finding where a function is concave up and concave down:

1. Find f ′′(x).

2. Find the points c1, c2, . . . , ck where f ′′(x) = 0 or f ′′(x) is undefined.

3. Break the domain of f(x) up into intervals using c1, c2, . . . , ck.

4. Test the sign of f ′′(x) on each of the intervals.
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Example 21. Determine where f(x) = x3 is concave up and where it is concave down.
-

Solution. f ′(x) =

f ′′(x) =

f ′′(x) = 0 ⇐⇒
f ′′(x) is always defined.

interval test value sign concavity

A point where a graph changes from concave down to concave up; or from concave up to
concave down is called a point of inflection. So to find points of inflection

1. Find f ′′(x).

2. Find the points c1, c2, . . . , ck where f ′′(x) = 0 or f ′′(x) is undefined.

3. Break the domain of f(x) up into intervals using c1, c2, . . . , ck.

4. Test the sign of f ′′(x) on each of the intervals.

5. There is a point of inflection at ci if f ′′(x) changes sign at ci.

Example 22. Find the points of inflection of f(x) = 9x5/3.
-

Solution. f ′(x) =

f ′′(x) =

f ′′(x) is never equal to zero since

f ′′(x) is not defined when x =

interval test value sign

So there is a point of inflection at x =
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Example 23. Determine where the function y = (x2 − 3)ex is concave up, concave down
and where the points of inflection are.

-
Solution. y′ =

y′′ =

y′′ is always defined.
y′′ = 0 ⇐⇒ (x2 + 4x− 1)ex = 0 ⇐⇒ x2 + 4x− 1 = 0, since ex is never zero.
Solving the equation using the quadratic formula gives

interval test value sign concavity

The points of inflection are x = and x = .

Example 24. Determine where the function g(t) = t3−3t2 +1 is concave up, concave down
and where the points of inflection are.

-
Solution.

HOMEWORK Rowgowski Section 4.4: Q 1, 4, 5, 7, 11, 14, 15, 41, 42 Homework
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18 Curve sketching

READING Read Section 4.5 of Rogawski Reading

We can now determine where a function is increasing and decreasing and where it is
concave down and concave up. We can combine this information to draw rather splendid
graphs!

Combining the concavity of a function and the intervals where it is increasing and de-
creasing breaks the function up into the following pieces

f ′′ > 0 f ′′ < 0
f ′ > 0

f ′ < 0

so to sketch a function f(x):

1. Determine where f(x) is increasing and decreasing using f ′(x).

2. Determine where f(x) is concave up and concave down using f ′′(x).

3. Split the domain up into using the above intervals.

4. Figure out where to put the x-axis and draw the graph,

Example 25. Sketch the graph of y = x3 − 3x + 5.
-

Solution. First determine where y is increasing and decreasing:

y′ = 3x2 − 3 = 3(x2 − 1)

y′ = 0 ⇐⇒ 3(x2 − 1) = 0 ⇐⇒ x2 = 1 ⇐⇒ x = ±1

y′ is always defined.

interval sign behaviour
(−∞,−1) y′(−10) > 0 increasing

(−1, 1) y′(0) < 0 decreasing
(1,∞) y′(10) > 0 increasing

Now determine where y is concave up and concave down:

y′′ = 6x

y′′ = 0 ⇐⇒ 6x = 0 ⇐⇒ x = ±0

y′′ is always defined.
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interval sign concavity
(−∞, 0) y′′(−10) < 0 down
(0,∞) y′′(10) > 0 up

Combining this information gives:

interval y′ y′′ curve

Finally,

y(−1) = 7, y(0) = 5 and y(1) = 3

so the graph is

Sometimes we will need to sketch graph that have asymptotes. to sketch a graph of
f(x) with asymptotic information:

1. Find the domain of f(x) and calculate the asymptotes.

2. Determine where f(x) is increasing and decreasing using f ′(x).

3. Determine where f(x) is concave up and concave down using f ′′(x).

4. Split the domain up into using the above intervals.

5. Figure out where to put the x-axis and draw the graph,
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Example 26. Sketch the graph of f(x) = 1
x
− 1

x−1 with asymptotic information.
-

Solution. We begin by simplifying f(x):
f(x) = 1

x
− 1

x−1 = −1
x(x−1) .

The domain of f(x) is (−∞, 0) ∪ (0, 1) ∪ (1,∞)
Now find the asymptotic information:
lim

x→±∞
f(x) = lim

x→0+
f(x) = lim

x→0−
f(x) =

lim
x→1+

f(x) = lim
x→1−

f(x) =

Now determine where f(x) is increasing and decreasing:
f ′(x) = 2x−1

(x2−x)2

f ′(x) = 0 ⇐⇒ x = 1/2.
f ′(x) is not defined when x = 1 or x = 0.
The critical point is x = 1/2. (x = 1 or x = 0 are not critical points since they are not

in the domain.)

interval sign behaviour
(−∞, 0) f ′(x) < 0 decreasing
(0, 1/2) f ′(x) < 0 decreasing
(1/2, 1) f ′(x) > 0 increasing
(1,∞) f ′(x) > 0 increasing

f ′′(x) = −2(3x2−3x+1)
(x2−x)3

f ′′(x) = 0 ⇐⇒ 3x2 − 3x + 1 = 0. This equation has no real solutions since the
discriminant is −3

f ′(x) is not defined when x = 1 or x = 0.

interval sign concavity
(−∞, 0) f ′′(x) < 0 down

(0, 1) f ′′(x) > 0 up
(1,∞) f ′′(x) < 0 down

To determine where the x-axis goes, notice that for all x, −1
x(x−1) 6= 0, so f(x) does not

intercept the x-axis.
Combining all of this information gives:
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Example 27. Sketch the graph of f(x) = x−
√
x. (Note that the domain of f(x) is [0,∞).

-
Solution.

HOMEWORK Rowgowski Section 4.5: Q 1, 9, 19, 43, 45, 77, 83 Homework
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