
13 Rates of change and motion under gravity

READING Read Sections 2.1 and 3.4 of Rogawski Reading

Rates of change (ROC)

A rate of change tells you how quickly a quantity is changing.

Example 1.
Speed is the rate of change of position.
Acceleration is the rate of change of speed.
Births per day is a rate of change of population.

Note that velocity has a direction and speed is the absolute value of the velocity.

Average rates of change

You are familiar with the average rate of change:

Example 2.

average velocity =
change in position

length of time interval

Example 3. If it takes me 15mins to travel the 6 miles from ILB to the airport, what is the
average speed of my journey?

-
Solution.

Generally:

• Let f(t) be a function that defines a quantity with respect to time, t.

•
average ROC =

change in quantity

change in time
=

∆f

∆t
=

f(t1) − f(t0)

t1 − t0
.

• The units are (quantity being measured) per (unit time).
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By considering the graph of f(t): -

we see that the average ROC over [t0, t1] is the gradient of the secant line through the
points (t0, f(t0)) and (t1, f(t1)).

HOMEWORK Rowgowski Section 2.1: Q 1, 19 and 25 Homework

Instantaneous rates of change

Rather than average ROC, we want to know the instantaneous ROC, i.e. how quickly is f(t)
changing at the time t = t0? For example, on my drive to the airport, what is my speed
when t = 5?

We can approximate the instantaneous ROC at t = t0 by choosing a very small time
interval [t0, t1] and taking the average speed over [t0, t1]. We can get better approximations
by taking smaller and smaller time intervals. This leads us to:

instantaneous ROC = lim
∆t→0

∆f

∆t
= lim

t1→t0

f(t1) − f(t0)

t1 − t0
= f ′(t0).

Thus, if f(t) describes a quantity with respect to time, then

f ′(t) =instantaneous ROC at time t

Example 4. The temperature of an object (in fahrenheit) at time t (minutes) is given by
T (t) = 3

4
t2 − 30t + 340, for 0 ≤ t ≤ 20. At what rate is the object cooling after 10 minutes?

-
Solution.

Example 5. The radius of a sphere expands at a rate of 2cm/s. Its radius is 0 when t = 0.
(1) Write the radius as a function of time.
(2) Write the volume as a function of time.
(3) Determine how quickly the volume is changing.
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-

Solution.

Example 6.
s(t) = linear position of object at time t
s′(t) = velocity of object at time t
s′′(t) = acceleration of object at time t

v(t) = velocity of object at time t
v′(t) = acceleration of object at time t

Example 7. A truck exits the I-10 at t = 0. Its position (in feet) from the start of the exit
ramp at time t (in seconds) is given by s(t) = 84t− t3, for 0 ≤ t ≤ 5.
(1) How fast is the truck travelling when it enters the exit ramp?
(2) What is the acceleration at t = 0? What is the physical meaning of this number?
(3) Show the truck is decelerating for the whole 5 seconds.

-
Solution.

HOMEWORK Rowgowski Section 3.4 : Q 14, 19, 20, 22 and 23. Homework
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Motion under gravity

We assume that there is no air resistance in this class.
Consider an object falling under gravity.
The acceleration of this object towards earth is given by

a(t) = −g m/s2

where g ≈ 9.8 m/s2 is standard gravity.
We want to find a formula for the velocity v(t) and height s(t) of this object.
Since v′(t) = a(t) = −g, v(t) is a function whose derivative is −g:

v(t) = −gt + v0,

where v0 is a constant.
Observe that v(0) = v0, so v0 is the speed of the object at time t = 0.
Similarly, since s′(t) = v(t) = −gt + v0, s(t) is a function whose derivative is −gt + v0:

s(t) = −1

2
gt2 + v0t + s0,

where v0 is a constant.
Observe that s(0) = s0, so s0 is the height of the object at time t = 0.

Example 8. In 1971 David R. Scott demonstrated the lack of atmosphere on the moon by
dropping a feather and a hammer from the same height. Both objects fell to the ground at
the same time.

Assuming that the hammer was dropped from shoulder height and took 1.37s to fall,
estimate the acceleration due to gravity on the moon?

-
Solution.

4



Example 9. A bullet is fired vertically from height s0 = 0 and reaches a maximum height
of 2km. What was its initial velocity?

-
Solution.
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Example 10. A stone is launched vertically at 50m/s from a height of 20m.
(1) Find its velocity at t = 5.
(2) Find the maximum height of the stone.
(3) When does the stone hit the ground?
(4) At what speed is it travelling when it hits the ground?

-
Solution.

HOMEWORK Rowgowski Section 3.4 : Q 30-36. Homework
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