
MATH 320 - 101 FOUNDATIONS OF MATHEMATICS
ASSIGNMENT 2

Hand in solutions to the “graded questions” at the start of class on Tuesday February 2nd.

PRACTICE QUESTIONS:
1. (a) Prove that (P =⇒ Q) ≡ ((∼ P) ∨ Q).
(b) Prove that (∼ (P =⇒ Q)) ≡ (P ∧ (∼ Q)).

2. (a) Identify the universe and give a simple description of the truth set for each of the following
statements.
(b) Which of the statements are equivalent?

(i) Two of the angles of the triangle x add to π/2.
(ii) x is a triangle and the square of its hypotenuse equals the sum of the squares of the squares of
the lengths of the other two sides.
(iii) x is a polygon with a right angle and x has three sides.
(iv) x is a polygon with four angles of π/2.
(v) The four sides of the polygon x are of equal length.

3. (a) Write the following statements using the quantifiers “∀” and “∃” (remember to include the
universe).
(b) State (i.e. no proof is required) which of the statements are true.
(c) Write down the negations of each of the statements.

(i) For every real number x there exists a real number y such that y3 = x.
(ii) There exists a real number y such that for every real number x, the sum x + y is positive.
(iii) For each irrational number x, there is an integer n satisfying x < n < x + 1.
(iv) The square of every integer leaves a remainder of 0 or 1 on division by 4.
(v) The sum of the squares of two prime numbers which are not equal to 2 is an even number.

4. (a) Translate the following statements into prose.
(b) Read your translations to part (a). If you think they sound stilted, rewrite them in a more
flowing style (without changing the meaning.
(c) State which of the statements are true and which are false. Justify your answer.

(i) (∀x ∈ R)(∃y ∈ R) (x2 − 3xy + 2y2 = 0)
(ii) (∃x ∈ R)(∀y ∈ R) (x2 − 3xy + 2y2 = 0)
(iii) (∃N ∈ N)(∀ε ∈ R) ([(ε > 0) ∧ (n > N)] =⇒ [1/n < ε])
(iv) (∀x ∈ N)(∀y ∈ N)(∃z ∈ N) (x + y = z)
(v) (∀x ∈ Z)(∀y ∈ Z)(∃z ∈ Z) (x + y = z)
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5. Find negations of the following statements. ( Q1 may be of some use to you here.)

(i) (∃x)(P(x) ∨ Q(x))
(ii) (∀x)(P(x) =⇒ Q(x))
(iii) (∀x ∈ R)(∃y ∈ R) (x ≤ y)
(iv) (∀x ∈ R)(∀y ∈ R)(∃z ∈ R) (x + y ≥ z)
(v) If x, y are in R and y ≤ x + ε for all real numbers ε > 0, then y ≤ x,

GRADED QUESTIONS:
1. For each of the following statements, (i) write down its negation (in its most natural form), (ii)
state whether the statement or its negation is true.
(a) (∀x ∈ N)(x is even =⇒ x2 is even )
(b) (∀x ∈ R)(∃y ∈ R)(x + y = 0)
(c) (∃x ∈ R)(∀y ∈ R)(x + y = 0)
(d) (∀x ∈ R)[x > 0 =⇒ (∃y)({y < 0} ∧ {xy > 0})]

2. For each of the following statements, (i) write the statements using the quantifiers “∀” and “∃”
(remember to include the universe); (ii) write down the negation of the statement and translate it
into natural sounding prose; (iii) state whether the statement or its negation is true.
(a) For ever natural number n there is an integer k such that 3.3n + k < 50.
(b)For integers a, b and c, if a divides bc then a divides b or c.
(c) There is a rational number between any two irrational numbers.

3. Each of the following “proofs” is incorrect. Point out reasoning errors and unclear presentation
in the argument. (note that the claims )
(a) Claim: An even number divided by 2 is an odd number. (This is obviously false). “Proof:” An
even number is of the form 2n. When you divide 2n by 2 you get n, which is odd.
(b) Claim: For all integers n, if n2 is odd then n is odd. “Proof:” Let n = 2k + 1. Then n2 =

4k2 + 4k + 1 = 2(2k2 + 2k) + 1which is odd.
(c) Claim: No integer is both odd and even. “Proof:” Odd numbers have a + 1 in them and even
numbers don’t.
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