
35 Optimization

READING Read Section 4.6 of Rogawski Reading

35.1 Maximum and minimum values revisited

We begin with a review problem.

Example 1. Find maximum and minimum values of f(x) = 5
x

+ x2 over the interval [1, 2]

Before we solve the problem, let’s remind ourselves of the method we use to solve this
problem.

Theorem: Let f(x) be continuous on [a, b], then the minimum and maximum values occur
at a critical point
or at an end point a or b.

this gives us a way to find max. and min. values of f(x) over [a, b]:

1. Check f(x) is continuous.

2. Find the critical points c1, c2, . . . , ck in the interval [a, b].

3. Calculate the values f(a), f(b), f(c1), f(c2), . . . , f(ck) and pick the biggest and smallest
values

-
Solution (Solution to Example 1).
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Now let’s consider what happens if we try to find maximum and minimum values over
open intervals:

Example 2. Does f(x) = 5
x

+ x2 attain a maximum value in the interval (0, 2)?
-

Solution.

Let f(x) be a function. If

• f is continuous on (a, b), (a, b] and lim
x→a+

f(x) = ∞, then f does not have an absolute

maximum in the interval;

• f is continuous on (a, b) or [a, b) and lim
x→b−

f(x) =∞, then f does not have an absolute

maximum in the interval;

• f is continuous on (a, b), (a, b] and lim
x→a+

f(x) = −∞, then f does not have an absolute

minimum in the interval.

• f is continuous on (a, b) or [a, b) and lim
x→b−

f(x) = −∞, then f does not have an absolute

minimum in the interval.

(Note that we can actually say more than this, as we will see soon.)
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Example 3. 1. Does f(x) = 1
x−2 have an absolute minimum in the interval [−2, 2)?

2. Does g(x) = x5 have an absolute maximum or minimum in the interval (−∞,∞)?

3. Does h(x) = ln(x) have an absolute maximum or minimum in the interval [2,∞)?

4. Does i(x) = x have an absolute maximum or minimum in the interval (2, 3)?

5. Does j(x) = x2 have an absolute maximum or minimum in the interval (−1, 1)?
-

Solution.
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To find max. and min. values of f(x) over (a, b):

1. Check f(x) is continuous on (a, b).

2. Calculate lim
x→a+

f(x) and lim
x→b−

f(x).

3. Find the critical points c1, c2, . . . , ck in the interval (a, b).

4. Calculate the values f(c1), f(c2), . . . , f(ck).

5. If f(ci) ≥ max{ lim
x→a+

f(x), lim
x→b−

f(x), f(c1), f(c2), . . . , f(ck)} then f(ci) is an absolute

maximum; if there is no such ci, then f has no absolute maximum.

6. If f(ci) ≤ min{ lim
x→a+

f(x), lim
x→b−

f(x), f(c1), f(c2), . . . , f(ck)} then f(ci) is an absolute

minimum; if there is no such ci, then f has no absolute minimum.

Similarly, to find max. and min. values of f(x) over (a, b]:

1. Check f(x) is continuous on the interval.

2. Calculate lim
x→a+

f(x).

3. Find the critical points c1, c2, . . . , ck in the interval.

4. Calculate the values f(c1), f(c2), . . . , f(ck).

5. If f(ci) or f(b), respectively, is greater than or equal to max{ lim
x→a+

f(x), f(b), , f(c1), f(c2), . . . , f(ck)}
then f(ci) or f(b), respectively, is an absolute maximum, otherwise there is no absolute
maximum.

6. If If f(ci) or f(b), respectively, is less than or equal to min{ lim
x→a+

f(x), f(b), , f(c1), f(c2), . . . , f(ck)}
then f(ci) or f(b), respectively, is an absolute minimum, otherwise there is no absolute
minimum.

To find max. and min. values of f(x) over or [b, a): follow the procedure above, but use
lim
x→a−

f(x), instead of lim
x→a+

f(x)

4



Example 4. Find the maximum and minimum values (if they exist) of f(x) = 1
3
x3 + 5

2
x2 +4

over [−3, 2).
-

Solution.
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35.2 Optimization

We’ll now apply this to optimization problems. Here is the approach that we’ll use to solve
our problems.

1. Choose variables and decide what you want to minimize or maximize.

2. Write down any relations between your variables that you think might be useful.

3. Express the quantity that you want to minimize or maximize as a function of a single
variable.

4. Write down the bounds on the variable.

5. Solve the minimization or maximization problem.

6. Write down the answer to the original problem.

Example 5. What is the maximum area of a rectangle with perimeter 10cm?

Example 6. Find the positive number x with the property that the sum of x and its
reciprocal is as small as possible.

Example 7. Find the point P on the line y = 2x that is closest to the point (1, 0).

HOMEWORK Rowgowski Section 4.6: Q 1, 2, 5, 9, 13, 16, 36, 59 and
60

Homework
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