
30 Integration Part I

30.1 Riemann sums

READING Read Section 5.1 of Rogawski Reading

Our aim here is to estimate the area under a curve (although we will need to be careful
with signs - more of this later).

Let f(x) be a function and [a, b] be an interval. We are going to estimate the signed
area under the curve of f(x). We will do this by partitioning [a, b] into N intervals, choosing
a point in each interval and then estimating the area by adding the area of the rectangles as
in the following figure: -

Let’s set up this estimate formally: let P be the partition

a = x0 < x1 < · · · < xN−1 < xN = b

of [a, b]. The partition defines an ordered sequence of intervals

[x0, x1], [x1, x2], [x2, x3], . . . , [xN−2, xN−1], [xN−1, xN ].

Choose a point ci in the i-th interval, for each i. This gives a sequence C of points

c1, c2, c3 . . . , cN−1, cN

where ci ∈ [xi−1, xi] for each i. Furthermore let

∆xi := xi − xi−1

denote the width of the i-th interval.
Then the Riemann sum is defined to be

R(f, P, C) =
∑N

i=1 f(ci)∆xi.

Example 1. Let f(x) = x2 +x, P = {2, 3, 4.5, 5} and C = {2, 3.5, 5}. Calculate R(f, P, C).
-

Solution.
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Observe that if f(x) > 0 on [a, b] then the Riemann sum

R(f, P, C) ≈ (area above x-axis)

-

However, if f(x) < 0 on [a, b] then the Riemann sum

R(f, P, C) ≈ −(area under x-axis)
-

So in general

R(f, P, C) ≈ (signed area) = (area above x-axis)− (area under x-axis)
-

30.2 The definite integral

As the width of the partitions get smaller the approximation R(f, P, C) gets better. Let

||P || = width of the biggest interval determined by P.

Then we might be able to find the signed area by taking the limit as ||P || → 0. Here is the
idea formally:

A function is said to be integrable over [a, b] if

lim
||P ||→0

R(f, P, C)
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exists and is independent of the choice of P and C. The limit is denoted by∫ b

a

f(x)dx := lim
||P ||→0

R(f, P, C)

and is called the definite integral.

Here is a very useful result:

Theorem 1. If f(x) is continuous ove [a, b], then it is integrable over [a, b].

By the interpretation of the Riemann sums above, we see that∫ b

a
f(x)dx = (signed area) = (area above x-axis)-(area under x-axis)

as indicated in the following figure: -

Example 2. By using the interpretation on an integral as a signed area, find
∫ 3

−2 2x + 2dx.
-

Solution.

HOMEWORK Rowgowski Section 5.2: Q 27, 29
Rowgowski Section 5.2: Q 1, 3, 13, 15, 17, 19.

Homework
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