
21 Concavity and points of inflection

READING Read Section 4.4 of Rogawski Reading

Intuitively, a graph is concave down if it “bends down”:

and a graph is concave up if it “bends up”:

A point where a graph changes from concave down to concave up; or from concave up to
concave down is called a point of inflection:

-
Example 1. On the following graphs, mark where the graph is concave up, concave down
and where the points of inflection are.
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Here is what it actually means to be concave up or concave down:

Definition: If f(x) is differentiable on (a, b), then
(concavity) f(x) is concave up on (a, b) if f ′(x) is increasing on (a, b);

f(x) is concave down on (a, b) if f ′(x) is decreasing on (a, b).

Justification of the definition:

We want to determine where a function is concave up and concave down. To do this we need
a test:

Theorem: If f ′′(x) exists for all x in (a, b), then
(Test for concavity) if f ′′(x) > 0 for all x ∈ (a, b) then f(x) is concave up on (a, b);

if f ′′(x) < 0 for all x ∈ (a, b) then f(x) is concave down on (a, b).

Justification of the theorem:

Since, if f ′′(x) changes sign at x = c we must have f(c) = 0 or f(c) is undefined, this
theorem gives a recipe for finding where a function is concave up and concave down:

1. Find f ′′(x).

2. Find the points c1, c2, . . . , ck where f ′′(x) = 0 or f ′′(x) is undefined.

3. Break the domain of f(x) up into intervals using c1, c2, . . . , ck.

4. Test the sign of f ′′(x) on each of the intervals.
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Example 2. Determine where f(x) = x3 is concave up and where it is concave down.
-

Solution. f ′(x) =

f ′′(x) =

f ′′(x) = 0 ⇐⇒
f ′′(x) is always defined.

interval test value sign concavity

A point where a graph changes from concave down to concave up; or from concave up to
concave down is called a point of inflection. So to find points of inflection

1. Find f ′′(x).

2. Find the points c1, c2, . . . , ck where f ′′(x) = 0 or f ′′(x) is undefined.

3. Break the domain of f(x) up into intervals using c1, c2, . . . , ck.

4. Test the sign of f ′′(x) on each of the intervals.

5. There is a point of inflection at ci if f ′′(x) changes sign at ci.

Example 3. Find the points of inflection of f(x) = 9x5/3.
-

Solution. f ′(x) =

f ′′(x) =

f ′′(x) is never equal to zero since

f ′′(x) is not defined when x =

interval test value sign

So there is a point of inflection at x =
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Example 4. Determine where the function y = (x2− 3)ex is concave up, concave down and
where the points of inflection are.

-
Solution. y′ =

y′′ =

y′′ is always defined.
y′′ = 0 ⇐⇒ (x2 + 4x− 1)ex = 0 ⇐⇒ x2 + 4x− 1 = 0, since ex is never zero.
Solving the equation using the quadratic formula gives

interval test value sign concavity

The points of inflection are x = and x = .

Example 5. Determine where the function g(t) = t3 − 3t2 + 1 is concave up, concave down
and where the points of inflection are.

-
Solution.

HOMEWORK Rowgowski Section 4.4: Q 1, 4, 5, 7, 11, 14, 15, 41, 42 Homework
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