
19 Maximum and minimum values

READING Read Section 4.2 and 4.3 of Rogawski Reading

19.1 Local maxima and minima

A point x = c is a local minimum (respectively local maximum) if (c, f(c)) is lowest
(respectively highest) point in a small neighbourhood of (c, f(c))

-
Example 1.

Formally,

Definition: f(x) has local maximum at x = c if f(c) is the maximum value
of f on some open interval containing c.
f(x) has local minimum at x = c if f(c) is the minimum value
of f on some open interval containing c.

Again, we can use the first derivative to find local maxima and minima. We’ll now see
why.

Theorem: if f(x) has a local maximum or local minimum at x = c,
then c is a critical point of f(x).

Warning: This theorem does not say that a local maximum or minimum occurs at
every critical point. It does tell us where to look for possible local maxima and minima.

Example 2.
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Critical points provide a set of potential local maxima and minima. We need a way to
test if the critical points are local maxima or minima.

Theorem: Let f(x) be differentiable and c is a critical point, then
(First derivative test if f ′(x) changes from + to − at c, f(c) is a local max..
for critical points) if f ′(x) changes from − to + at c, f(c) is a local min.

This gives us a way to find local maxima and minima: Memorize.

1. Find the critical points.

2. Check to see if the sign changes at the critical points

Example 3. Find all of the local maxima and minima of y = xe2x.
-

Solution.
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Example 4. Find all of the local maxima and minima of y = x5 + x3 + 1.
-

Solution.

19.2 Global maxima and minima

Here we are interested in finding the largest and smallest values that a function can attain.

Definition: Let f(x) be a function with domain D. Then f(a) is the
absolute maximum of f(x) if f(a) ≥ f(x) for all x ∈ D
absolute minimum of f(x) if f(a) ≤ f(x) for all x ∈ D

-
Example 5.
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Theorem: Let f(x) be continuous on [a, b], then the minimum and maximum values occur
at a critical point
or at an end point a or b.

this gives us a way to find max. and min. values of f(x) over [a, b]:

1. Check f(x) is continuous.

2. Find the critical points c1, c2, . . . , ck in the interval [a, b].

3. Calculate the values f(a), f(b), f(c1), f(c2), . . . , f(ck) and pick the biggest and smallest
values

Example 6. Find maximum and minimum values of f(x) = x3 − 6x + 1 over the interval
[−1, 2]

-
Solution. f(x) is continuous since it is a polynomial.

Now find the critical points:

f ′(x) = 3x2 − 6

f ′(x) is always defined

f ′(x) = 0 ⇐⇒ 3x2 − 6 = 0 ⇐⇒ x = ±
√

2

Only the critical point +
√

2 is in [−1, 1]

f(−1) = 6

f(1) = −6

f(
√

2) ≈ −4.66

So the max is f(−1) = 6

the min is f(
√

2) ≈ −4.66.
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Example 7. Example 6: Find maximum and minimum values of f(x) = x− 4x
x+1

over the
interval [0, 3]

-
Solution.

HOMEWORK Answer the questions below. Homework

Find the maximum and minimum value of the function over the given interval
(i) f(x) = 2x2 − 4x + 2 over [0, 3]
(ii) f(x) = x2 − 6x− 1 over [−2, 2]
(iii) f(x) = x2 − 6x− 1 over [−2, 0]
(iv) f(x) = x− 4x

x+1
over [0, 3]

(v) f(x) = tan(x)− 2x over [0, 1]
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